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Microwave magnetization dynamics in ferromagnetic spherical nanoshells
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Ferromagnetic particles of nano- and micrometer-size range are in high demand owing to their promising
technological applications in magnetic memory storage, biomedical treatment, and microwave devices. New
absorbing materials are required to possess the properties of low density and strong absorption in a broad
frequency band. The dynamic susceptibility spectra of nanosized spherical shells supporting onion and vortex
magnetization configurations are studied as a function of particle radius 40–125 nm and shell thickness
10–115 nm by means of numerical micromagnetic simulation. For the saturated shell, the frequencies of
higher-order spin-wave modes are found to rapidly approach the subterahertz frequency regime (200–300 GHz)
when the geometry is transformed from the single-domain sphere to the spherical shell. The frequency of each
mode is proportional to R−2

2 when the sphere radius outer R2 is below 30 nm in reasonable agreement with
the exchange approximation. Thickness-dependent vortex core gyrotropic modes were studied in the absence of
an external bias field in the frequency range 0.1–30 GHz. The size dependence of the vortex spin excitations
is complicated by mixing of the modes at different particle sizes. For shells with large thickness and outer
radii above R2 � 100 nm the amplitudes of both n = 0 and n = 1 vortex flexural modes are less intense than
even higher-frequency resonances. However, the n = 0 mode becomes the dominant mode in the dynamic
susceptibility when either the radius or thickness of the particle becomes sufficiently small.
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I. INTRODUCTION

Magnetization dynamics has been the focus of intense
research interest driven by the continuing demand for smaller
and faster magnetic devices in high-density storage me-
dia, magnetic-field sensors, and microwave devices [1–4].
Recent interest in three-dimensional (3D) nanomagnets has
been stimulated by rapid advancements in chemical synthesis
and nanotomography techniques, in addition to new compu-
tational methods [5–9]. The extension of two-dimensional
nanostructures into 3D leads to the emergence of more
complex magnetic configurations with novel dynamical ef-
fects. For example, it has been shown that the presence
of curvature in shells brings about an effective curvature-
induced anisotropy and an effective Dzyaloshinskii-Moriya
interaction (DMI) [10]. This curvature-induced anisotropy
and effective DMI gives rise to a rich diversity of static and
dynamic behavior including polarity-chirality coupling [11],
increased domain-wall velocities [12], and curvature-driven
magnetochirality [13]. By controlling the geometry of curved
elements these magnetochiral effects can lead to novel func-
tionalities and devices with a wide range of unique physical
properties.

Considerable recent attention has also been paid to the
equilibrium configurations supported by curved magnetic sys-
tems including toroids [14,15], spheres [16–18], nanotubes
[19–21], cones [22], and the Möbius strip [23]. It has been
shown that spherical shells support two out-of-surface vor-
tices with antipodal vortex cores [11] in accordance with the
Poincaré-Hopf theorem. The polarity of each vortex core is
determined by an out-of-plane component of magnetization

at the central core with two possible orientations. For mag-
netically soft shells, the minimum energy state is reached
when one core is orientated inward and the other outward the
shell. Spherical shells also support a three-dimensional analog
of the well-known “onion” state found in ring elements,
where the direction of the magnetization deviates away from
a homogeneously parallel distribution at each local point [24].

The dynamical properties of magnetic composites em-
ploying curved ferromagnets are of significant interest for
microwave applications [25–27] where magnetic permeability
can be directly controlled by tailoring the particle geometry.
Great efforts have been devoted to the development of models
capable of predicting the microwave permeability spectra of
composite materials [28–35]. Walker developed the theory
of magnetostatic resonance in ellipsoidal particles which ne-
glects the exchange interaction as a first approximation [36].
The special case of the sphere was later studied in detailed
by Fletcher and Bell [37]. The magnetostatic approximation
agreed quantitatively with the early generation of ferromag-
netic studies which were performed on spheres of macro-
scopic size, and for which the exchange energy is negligible.
However, spherical nanoparticles can differ significantly from
their bulk counterparts stemming from the fact that surface
and exchange effects are not at all negligible in this size
range [38]. Aharoni investigated the dynamical properties
of spherical nanoparticles theoretically accounting for both
surface and exchange contributions [39,40] and predicted a
size dependence for the resonance modes. Experimental work
on fine-particle assemblies [41,42] indicated the presence
of high-frequency resonance modes attributed to exchange
resonances and surface effects but with size dependences
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that deviate from exchange resonance theory on saturated
particles [43]. Voltairas and Massalas calculated the eigenvec-
tors and spatial distribution of cylindrically symmetric modes
by incorporating the demagnetizing field and damping into
Aharoni’s calculations [44]. Subsequent theoretical studies
investigated the impact of mode mixing [45], particle arrays
[46], Brillouin light scattering [47], and inhomogeneous mag-
netic fields [48].

The dynamic susceptibility spectra of nonuniform mag-
netization distributions have been studied numerically for
both thin films [49–51] and 3D objects [52–55]. The sus-
ceptibility tensor can be computed by solving the Landau-
Lifshitz (LL) equation for magnetization motion either in
the time domain or frequency domain. Boust and Vukadi-
novic investigated nonuniform magnetization dynamics of
relatively thick (∼80 nm) Permalloy dots supporting a vor-
texlike configuration [56]. The dynamic susceptibility spectra
revealed a second gyrotropic mode across the thickness of
the vortex core line. Recently, this first-order gyrotropic mode
was detected experimentally in circular dots using broadband
ferromagnetic resonance [57]. Higher-order gyrotropic modes
[58,59] and nonuniform domain dynamics [60] have also
been investigated by means of micromagnetic simulations and
time-resolved x-ray holography. Previous studies of vortex
dynamics have primarily focused on planar structures; how-
ever, recent work has investigated the resonant and switching
properties of spherical nanomagnets [61–66] and hemispheres
[67–70] supporting a vortex domain. Resonantly excited pre-
cessional motion of a magnetic vortex core in soft magnetic
spheres has also been reported [71,72] but with different
underlying physics from previous reports of vortex motion.

However, despite significant work in this area there are
still a number of unresolved discrepancies between theory
and experiment, such as the variation of permeability with
both material parameters and particle size [42,43] and the
presence of higher-order absorption modes with amplitudes
substantially larger than the ferromagnetic resonance [27].
The aim of this paper is to compute the entire high-frequency
susceptibility response of nanosized spherical shells support-
ing nonuniform magnetization configurations. This is to pro-
vide a detailed understanding into the microwave permeability
of composites employing spherical particles, and to identify
possible sources of high-frequency magnetic materials. The
intensity, linewidth, and frequency of the mode spectrum are
mapped out by means of numerical micromagnetic simula-
tions and discussed in light of available analytical models and
experimental data.

II. METHODOLOGY

Numerical micromagnetic simulations were performed
with the MUMAX3 solver [73]. The LL equation was solved
numerically to obtain the magnetization for each cell in the
simulation grid.

∂M/∂t = −μ0γ M × Heff − λM × (M × Heff ). (1)

Here M is the magnetization, λ is a phenomenological damp-
ing parameter, γ is the electron gyromagnetic ratio, μ0 is the
permeability of free space, and Heff is the effective magnetic
field. The effective field Heff includes the contributions of the

FIG. 1. Static magnetization configuration for a spherical
nanoshell with outer radius R2 = 50 nm and thickness R1/R2 =
0.9 in the presence of a 0.8-T static field applied along the z
direction. Color bar represents the normalized z component of the
magnetization.

magnetocrystalline cubic anisotropy energy, magnetostatic
energy, nearest-neighbor exchange energy, and Zeeman en-
ergy for the applied field. The phenomenological damping
parameter λ is given by

λ = α
μ0γ

Ms
, (2)

where α is a dimensionless damping constant. Standard val-
ues of iron were chosen where Ms = 1.7 × 106 A/m, α =
0.01, exchange constant A = 2.1 × 10−11 J/m, and cubic
anisotropy constant K1 = 4.7 × 104 J/m3. See Fig. 1.

The system was excited by applying a Gaussian pulse
of width ≈5 ps in the y direction and the evolution of the
y component of the magnetization M(t ) was recorded with
respect to time. A weak pulse was chosen (Hext = 2 Oe)
to ensure excitation occurs within the linear region of the
system. The average susceptibility χ (ω) was determined from
the ratio of the Fourier transform of the y component of
the average magnetization M(t ) and Fourier transform of the
applied field.

χ (ω) = M(ω)/
H (ω). (3)

Here M(ω) and H (ω) are the Fourier transform of the average
magnetization and applied field, respectively. The spatial sus-
ceptibility was calculated from the Fourier transform of the
magnetization along the direction of excitation for every cell
in the simulation grid. The cell size used in each simulation
was R2/128 nm, where R2 is the outer radius of the particle
and the edge smooth function was set to 8 to reduce discretiza-
tion error.

III. RESULTS

A. Exchange resonance

The frequency ω for exchange resonance in spherical
particles was calculated by Aharoni [39] and is given
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FIG. 2. (a) Normalized spatial Fourier transform of the y component of the dynamic magnetization for a hollow iron sphere with R2 =
27.5 nm and R1/R2 = 0.3 in the presence of a 0.8-T biasing field applied in the z direction. The frequencies correspond to (i) 23.1 GHz,
(ii) 25.6 GHz, (iii) 63 GHz, and (iv) 110 GHz in the xz plane. (b) Three-dimensional surface plot of the normalized spatial Fourier transform
for the xy cross section at 110 GHz, corresponding to Fig. 2(a), (iv). (c) Real and imaginary components of the average dynamic susceptibility
corresponding to the y component of the dynamic magnetization for a hollow sphere with R2 = 27.5 nm and R1/R2 = 0.4 in the presence of a
0.8-T biasing field applied in the z direction. Inset shows enlargement of the data for the average susceptibility at higher frequencies taken at
the cross section in the xz plane. f1 and f2 correspond to the modes (i) and (ii) in Fig. 2(a), respectively.

by Eq. (4):

ω = γ

(
2Aμ2

kn

R2
2Ms

+ Hz

)
. (4)

Here A is the exchange constant, R2 is the outer radius, μkn

are the eigenvalues, and γ Hz is the ferromagnetic resonance
frequency. For a hollow sphere the eigenvalues μkn are calcu-
lated from the transcendental equation [74]

(
∂ jn(μkn)

∂μkn

)(
∂yn(ρ)

∂ρ

)
ρ= μknR1

R2

−
(

∂yn(μkn)

∂μkn

)(
∂ jn(ρ)

∂ρ

)
ρ= μknR1

R2

= 0, (5)

where jn and yn are spherical Bessel functions of the first
and second kind, respectively. In Aharoni’s notation, n =
0, 1, 2 . . . represents the order of the spherical Bessel function.
For any given n there are an infinite number of solutions to
Eq. (5), where k = 1, 2, 3 . . . corresponds to each solution.
For example, the eigenvalue μ10 represents the first solution
of Eq. (5) for the case n = 0.

Equation (4) neglects the demagnetizing field as a first
approximation which is justified when the exchange energy
dominates over the demagnetizing energy. For magnetite this
occurs when the particle radius is below R2 = 20 nm [75].
In the limit ω → 0, the frequency equation (4) reduces to
the expression for the curling nucleation mode in ellipsoidal
particles [76]. This is because the surface and volume mag-
netostatic charges due to the transverse magnetization vanish

completely when an ellipsoid nucleates through the curling
mode. Equation (4) applies to any saturated ellipsoid with
a cylindrical symmetry provided that the appropriate eigen-
values [76] and demagnetizing factor [77] are chosen. As a
result, it has been used to model the microwave permeability
spectra of a range of nanomagnetic composites [78–82] and to
evaluate the exchange parameter [83].

It should be noted that Eqs. (4) and (5) are solutions of
the linearized micromagnetic equations and assume a strictly
homogeneous magnetization distribution when Neumann
boundary conditions dM/dn = 0 are chosen, i.e., neglecting
surface anisotropy. It is possible to generalize the eigenvalue
equation (5) further to account for surface anisotropy and
tangential deviations from the saturated state [84]. For a solid
sphere, the ferromagnetic resonance frequency in Eq. (4) is
given by γ Hz = γ (H0 + 2K1/Ms) where H0 is the external
DC field and K1 is the magnetocrystalline anisotropy constant.
The demagnetizing factor along the z axis does not appear in
the expression for the ferromagnetic resonance frequency of
a solid sphere [85]. For the hollow sphere the demagnetizing
field is inhomogeneous and a uniform demagnetizing factor
cannot be defined, although average expressions are available
[86]. However, in the limit of a thin film or shell it has been
shown that the inhomogeneous demagnetizing field can be
treated as a local tangential anisotropy [87–89].

The spatial Fourier modes and dynamic susceptibility of
the hollow sphere are shown in Fig. 2. The lowest fre-
quency mode f1 in Fig. 2(c) is the ferromagnetic resonance,
which corresponds to the largest amplitude in the imaginary
component of the susceptibility computed from the dynamic
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FIG. 3. Size and thickness-dependent properties; (a) Frequency
of the numerically simulated resonance modes above the ferromag-
netic resonance for a saturated hollow sphere plotted against 1/R2

2 for
R1/R2 = 0.5. (b) Size dependence of the ferromagnetic resonance for
the solid sphere (black line) and the spherical shell with different
values of the shell thickness (dashed lines). (c) Imaginary com-
ponent of the numerically simulated susceptibility plotted against
the ratio R1/R2. To highlight the higher-order exchange modes, the
susceptibility scale is set to 2. (d) Numerically simulated modes
shown in Fig. 2(c) (symbols) plotted alongside the exchange modes
calculated from Eq. (4) (lines) with varying shell thickness. To
avoid overcrowding of the diagram, only the μ11, μ13, μ21, and μ22

eigenvalues are shown as calculated using Eq. (4). The squares and
triangles correspond to the numerically calculated modes μ11 and
μ13, respectively.

magnetization using Eq. (3). This mode has no dependence
on the eigenvalues in the exchange resonance equation (4)
with frequency simply given by the second term Hz in the
same equation (4). Substituting the values for the saturating
field and magnetocrystalline anisotropy gives a frequency of
23.97 GHz, in agreement with the numerically simulated
value of 24 GHz for the ferromagnetic resonance. This mode
is independent of the particle size for the solid sphere in nu-
merical micromagnetic simulations [see Fig. 3(b), black line].

Above the ferromagnetic resonance, several non-evenly
spaced resonance modes can be observed in Fig. 2(c), all of
which exhibit a 1/R2

2 dependence on the outer radius [see
Fig. 3(a)] consistent with Eq. (4). The lowest-order exchange

mode f2 in Fig. 2(c) is degenerate with the ferromagnetic
resonance with an eigenvalue (5) that is independent of R1/R2

in the absence of surface anisotropy. However, this mode
shows a gradual increase in frequency with decreasing shell
thickness in numerical simulations [see Fig. 3(c)]. The effect
is similar to surface pinning of the moments at the inner shell
boundary which increasingly forces the magnetization to lie
tangential to the surface as the inner boundary grows [84].
Once the eigenvalue μ10 is nonzero it should start to exhibit an
approximate 1/R2

2 dependence on the particle radius [this de-
pendence can be observed in Fig. 2(a) for the lowest frequency
mode]. Deviations should emerge in the size dependence as
the function μ2

kn/R2
2 is no longer strictly proportional to 1/R2

2
in an analogous fashion to surface anisotropy, but this effect is
masked for very small particles [40,84].

The k = 1 eigenvalues calculated from Eq. (5) are al-
most independent of the inner radius R1 before considering
deviations of the magnetization from the saturated state or
the demagnetizing field. This feature is potentially useful for
estimating surface or demagnetizing contributions to the reso-
nance frequency, because any dependence that these eigen-
values possess on the shell thickness is related to the size
of the other energy terms in the system. From Eq. (5), the
eigenvalues μ13 and μ20 have very close values when the
inner radius is small and they overlap for a homogeneous
sphere of any material property. This overlap can be seen
in Fig. 3(c) when R1/R2 < 0.5. However, these two modes
have very different dependences on the shell thickness due
to their different k which causes them to separate when the
inner radius increases. In contrast to k = 1 modes, the k = 2
modes found at higher frequencies in Fig. 3(c) depend weakly
on the inner radius in the range R1/R2 = 0.1–0.3 but rapidly
approach subterahertz frequencies as the shell thickness is
decreased further.

In Fig. 3(b), the amplitude of the exchange modes become
vanishingly small in the limit R1/R2 → 0 as the anisotropic
fields of the shell transition to the uniform fields of the sphere.
This is because the exchange mode coefficients vanish if the
internal magnetic fields are completely uniform, after which
only the uniform Kittel mode is excited [90]. However, the
amplitude of the zeroth mode in the dynamic susceptibility
spectrum is comparable to that of the ferromagnetic resonance
for certain values of the shell thickness [see Fig. 2(c)] which
suggests that it can be observed experimentally in iron-oxide
nanoshells. The frequency of this mode is inversely propor-
tional to the saturation magnetization as described by Eq. (4)
so will appear at higher frequencies in oxide particles when
compared with shells of cobalt or iron-cobalt alloy.

B. Flexural resonance

Electron holography studies of clustered Permalloy
nanoparticles have found that the vortex state can be stabilized
for a range of geometrical configurations [91]. A detailed
understanding of vortex dynamics in the microwave frequency
range is therefore necessary to accurately model the perme-
ability spectra of nanocomposites. In this section the flexural
dynamics of the vortex domain are studied by removing
the external DC field and allowing the system to relax into

054425-4



MICROWAVE MAGNETIZATION DYNAMICS IN … PHYSICAL REVIEW B 100, 054425 (2019)

FIG. 4. Vortex ground-state configuration for a nanoshell of
outer radius 250 nm and thickness R1/R2 = 0.9. Color bar represents
the normalized z component of the magnetization.

the stable magnetization state. The simulations consistently
converged to the vortex domain configuration shown in Fig. 4.

Ding et al. [57] proposed an analytical model of vortex gy-
rotropic modes in circular dots based on the Thiele equation,
accounting for both exchange and magnetostatic energies. The
frequency is given by the equation

ωn(L)

ωM
= π

8

(
Le

L

)2[
ln

(
R

Rc

)
+ 5

4

]
n2

+ 2b
∫ ∞

0
dk fn(bk)I2(k) (6)

for n = 0, 1, 2, . . ., ωM = γ 4πMs, Le = √
2A/Ms, and b =

L/R, where L is the thickness and R is the radius of the dot.
The functions fn(x) and I (x) are given by

fn(k) = k

k2 + q2
n

(
1 + 2

1 + δn,0

k

k2 + q2
n

[(−1)ne−k − 1]

)
,

I (k) =
∫ 1

0
dρρJ1(kρ ),

FIG. 5. (a) Frequency of the resonance modes plotted against
R2 for R1/R2 = 0. The color bar represents the amplitude of the
imaginary component of the dynamic susceptibility. (b) First three
dominant modes above the uniform mode plotted against 1/R2

2.

FIG. 6. Real and imaginary components of the dynamic suscep-
tibility for nanoshell of outer diameter 230 nm and varying shell
thickness.

where qn = πn (n = 0, 1, 2, . . .) is the quantized wave vector.
In Eq. (6), the n = 0 mode is dominated by the dipole-dipole
interaction with a weak dependence on the radius R [57],
whereas n � 1 are exchange dominated and depend primarily
on the thickness L. The frequency of the vortex flexural modes
(6) is inversely proportional to the saturation magnetization
only when the thickness L is small and the parameter b ≈ 0.
For a thin circular dot b � 1 with no magnetization vari-
ation across the thickness, the n = 0 mode reduces to the
well-known uniform gyrotropic mode [92]. When neglecting
variations across the vortex core line, the uniform mode of a
thin shell is given by [72]

ω0 = γ Msβ

[
ln

(
8

β

)
− 1

2

]

for β = 2L/πR, where L is the shell thickness and R is the
radius of the sphere.

The dynamic magnetic susceptibility of a spherical particle
supporting a vortex domain structure is shown in Fig. 5 for
different particle sizes. The dipole-dominated uniform n = 0
mode depends weakly on the radius R2, whereas the frequency
of higher-order modes depends strongly on the radius due to
their exchange-dominated character. However, when examin-
ing Fig. 5 it is clear that a number of the higher-order modes
do not obey any simple power law. The size dependence is
complicated by the mixing of modes at different particle sizes.
Moreover, if the thickness L is taken as the vortex core line
in Fig. 4 then decreasing the sphere radius would amount
to changing both R and L simultaneously in Eq. (6). In an
experimental setup the modes are also broadened [27] and it is
not straightforward to precisely identify the individual peaks
which can be finely resolved by micromagnetic simulations.

The influence of varying the shell thickness on the dynamic
susceptibility is shown in Fig. 6. The n = 0 mode under-
goes a marginal increase in frequency as the shell thickness
decreases but begins to decrease in frequency as the shell
becomes thinner. This decrease in frequency corresponds with
a large increase in the amplitude of the dynamic susceptibility
(see Fig. 6). From Eq. (6), higher-order resonances depend
strongly on the vertical exchange interaction. As a result,
these modes increase in frequency when the shell thickness
is decreased (see Fig. 6). The spatial Fourier transforms of
the resonance flexural modes of the vortex domain are shown
for different frequencies in Fig. 7. The uniform flexural mode
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FIG. 7. Normalized spatial Fourier transform of the y component
of the dynamic magnetization for a spherical shell with R2 = 115 nm
and R1/R2 = 0.5. The frequencies correspond to (i) 2.1 GHz, (ii) 5.5
GHz, (iii) 12 GHz, (iv) 13.5 GHz, (v) 15 GHz, and (vi) 19.2 GHz.

differs significantly from the Kittel mode in terms of its
spatial distribution. For the vortex domain, the uniform mode
is localized primarily in small regions close to the particle
surface, whereas the ferromagnetic resonance of a single-
domain sphere is uniformly distributed throughout the entire
particle. As a result, the susceptibility response of the uniform
flexural mode stems primarily from narrow regions inside the
sphere.

The intensities of the modes are also found to depend
significantly on the geometrical parameters of the sphere. It is
known for circular dots that the n = 1 mode can dominate the
uniform mode n = 0 when the thickness is sufficiently large
(above L = 80 nm) [57]. This thickness-dependent mode in-
tensity directly corresponds with variations of the gyration
radius. However, for a spherical particle with radius above
R2 � 100 nm both n = 0 and n = 1 modes are dominated
by even higher frequency excitations, provided that the inner
radius is small (see Fig. 6). This is notable given that the
first two absorption modes were found to be smaller than

higher-order absorption modes [27] in co-axial line studies of
spherical particles with radius R2 = 110 nm. This behavior
is in contrast with the uniform Kittel mode of a saturated
sphere which is dominate in the dynamic susceptibility spec-
trum for any particle size. However, the n = 0 mode of the
vortex domain becomes the largest mode in the susceptibility
spectrum when either the shell radius or thickness is decreased
sufficiently. This fact may shed light on the size-dependent
intensity of the uniform mode observed experimentally for
quasi-monodisperse ferromagnetic spheres [42].

IV. DISCUSSION

The dynamic susceptibility spectra of nanosized spherical
shells supporting nonuniform magnetization configurations
were studied as a function of particle radius (15 nm � R2 �
115 nm) and thickness (R1/R2 = 0–0.8) by means of numer-
ical micromagnetic simulation. When a DC field was applied
to bias the sphere, the frequency of the zeroth exchange
mode was found to vary approximately linearly with the shell
thickness in the range R1/R2 = 0–0.8. The frequencies of
higher-order spin-wave modes were found to increase rapidly
towards the 200–300-GHz regime with decreasing thickness,
in reasonable agreement with the behavior of k = 2 eigen-
values. The frequencies of these modes were also found to
scale as R−2

2 in agreement with exchange resonance theory
proposed by Aharoni. The thickness-dependent vortex core
gyrotropic modes were studied in the absence of an exter-
nal bias field in the frequency range 0.1–30 GHz . These
modes exhibited more complex size dependences resulting
from mixing of modes at different particle sizes. For shells
with small inner radius (R1/R2 < 0.1) and outer radii in
the range R2 = 100–125 nm, the amplitudes of n = 0 and
n = 1 vortex flexural modes were smaller than even higher
frequency excitations. However, the n = 0 mode became
dominant in the dynamic susceptibility when either the radius
or thickness was decreased sufficiently. This work provides
further insights into the high-frequency dynamical properties
of spherical nanoshells supporting nonuniform magnetization
configurations, and illustrates the wide parameter space which
is available to design microwave devices.
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